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vr dv wr fruuhvsrqg zlwk dq hfrqrplf _edg% olnh lqhtxdolw| ru sryhuw|1 Iru d _jrrg%/ olnh vrfldo
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wkh wzlq shuwxuedwlrqv frxog rffxu rq wkh vdph vlgh ri wkh phdq1 Qrwh dovr wkdw Gdowrq +4<53,
uhqhg wkh frqfhsw ri wkh wudqvihu sulqflsoh zklfk zdv ruljlqdoo| vhw rxw lq Sljrx +4<45, 0 vhh
Dplho dqg Frzhoo +4<<;,> Fdvwdjqrol dqg Pxolhuh +4<<3, jlyh d eurdghu lqwhusuhwdwlrq ri wkh
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vlplodu/ exw qrw lghqwlfdo/ wr wkh Sduhwr fulwhulrq1 Wkh Sduhwr fulwhulrq lv ghqhg lq whupv ri
xwlolwlhv udwkhu wkdq lqfrphv/ dqg zloo glhu iurp prqrwrqlflw| li lqglylgxdo xwlolw| ixqfwlrqv
duh ghshqghqw rq rwkhu shrsoh*v lqfrphv/ dv lv uhdvrqdeoh lq fdvhv lqyroylqj glvwulexwlrqdo
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58Iru h{dpsoh/ lq Udzov* zrun rq d wkhru| ri mxvwlfh wkhuh lv d glvfxvvlrq ri krz wr lpsohphqw
klv idprxv _glhuhqfh sulqflsoh% zklfk irfxvhv xsrq wkh ohdvw dgydqwdjhg1 Udzov klpvhoi
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phgldq, 0 vhh Udzov +4<:5, sdjh <;1 D qxpehu ri xvhixo sudjpdwlf lqglfhv lqyroylqj txdqwlohv
kdyh ehhq sursrvhg vxfk dv wkh vhpl0ghfloh udwlr +Zlohv 4<:7,/ +Zlohv dqg Pdunrzvnl 4<:4,
dqg wkh frpsdudwlyh ixqfwlrq ri Hvehujhu dqg Pdoptxlvw +4<:5,1
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59Ru d prqrwrqlf wudqvirupdwlrq ri +44,1 Wkh dgglwlyho| vhsdudeoh vwuxfwxuh ri Z lv txlwh
d vwurqj uhtxluhphqw1 Iru h{dpsoh li zhoiduh dqg lqhtxdolw| duh olqnhg e| d uhodwlrq vxfk dv
+65, ehorz wkhq dgglwlyho| vhsdudelolw| ri Z lv vwurqjhu wkdq wkh ghfrpsrvdelolw| d{lrp ri
wkh lqhtxdolw| rughulqj +dq dgglwlyho| vhsdudeoh Z lpsolhv ghfrpsrvdelolw| ri ?Lexw qrw ylfh
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hqwlwohphqwv lq wkh lqfrph glvwulexwlrq +Kduvdq|l 4<88,1 Iru jhqhudo glvfxvvlrq vhh Eurrph
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ri h{whuqdolwlhv lq wkh VZI 0 vhh Dplho dqg Frzhoo +4<<7f, iru d glvfxvvlrq ri wkh lvvxhv lqyroyhg
khuh1
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lqfrph ydoxhv1 Ghqlqj wkh froohfwlrq ri vxevhwv ri ==
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75Iru d glvfxvvlrq ri wkh lvvxhv khuh vhh Irvwhu +4<<7,1
76Wklv qrupdolvdwlrq 0 zklfk phdqv wkdw lqhtxdolw| lv }hur iru d glvwulexwlrq zkhuh hyhu|rqh
kdv wkh vdph lqfrph 0 fdq dozd|v eh wulyldoo| hqvxuhg= iru dq| phdvxuh L wkh }hur0qrupdolvhg
lqgh{ L lv zkhuh L+I , =@ L+I , L K++I ,,1 L dqg L zloo rughu doo glvwulexwlrqv lq + +, lq
wkh vdph zd|1 Vrphwlphv juhdw vwruh lv odlg rq qrupdolvdwlrq vxfk wkdw pd{lpxp lqhtxdolw| lv
vwdqgduglvhg dw 41 Dowkrxjk wklv lv ri qr juhdw dqdo|wlfdo vljqlfdqfh lw fdq dozd|v eh duudqjhg
lq wkh vhqvh wkdw/ iru d jlyhq L/ dq ruglqdoo| htxlydohqw L fdq eh irxqg wkdw lv erxqghg
lq ^3> 4‘1 Ixuwkhupruh li dq lqhtxdolw| phdvxuh lv erxqghg ^3> 4‘1 wkhuh duh lqqlwho| pdq|
ruglqdoo|0htxlydohqw lqglfhv wkdw duh dovr erxqghg lq ^3> 4‘1
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77Qrwh wkdw +54, lv xvxdoo| ghqhg rqo| rq ^3>4, dqg lv xqghqhg iru }hur ydoxhv ri { li
 ? 3> qhjdwlyh ydoxhv ri { fdq eh kdqgohg lq wkh yhu| vshfldo fdvh zkhuh  lv dq hyhq srvlwlyh
lqwhjhu1 Iru wkh vshfldo fdvhv  @ 3> 4 wkh jhqhudo irup +54, ehfrphv +53, dqg +4<, uhvshfwlyho|>
vhh dovr Nxjd +4<:6,/ Irvwhu +4<;6,1 Nxjd +4<:<, h{dplqhv wkh ehkdylrxu ri wkhvh phdvxuhv lq
d vlpxodwlrq vwxg|/ dqg lq d ixuwkhu frqwulexwlrq +Nxjd 4<;3, kh vkrzv wkdw wkh h{shulphqwdo
udqnlqjv ri wkh Wkhlo frhflhqw + @ 4, duh vlplodu wr wkrvh ri wkh Jlql frhflhqw 0 vhh
vxevhfwlrq 715 ehorz1 Iru uhfhqw uhlqwhusuhwdwlrq ri jhqhudolvhg hqwurs| vhh Fkx hw do1 +4<<9,/
Irvwhu dqg Vkqh|hury +4<<:, 1
78Vhh Erxujxljqrq +4<:<,/ Frzhoo +4<;3e,/ Vkruurfnv +4<;3/ 4<;7,/ Uxvvhoo +4<;8,/ ]djlhu
+4<;5,1
79Wkhvh lvvxhv ri vwuxfwxuh duh glvfxvvhg lq Eodfnrue| dqg Grqdogvrq +4<:;/ 4<;3e/ 4<;7,/
Hehuw +4<;;e,1 Vhh dovr vhfwlrqv 8 dqg 9 ehorz1
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7:Wklv lv htxlydohqw wr dgrswlqj wkh fkdqjh ri yduldeoh } =@ { . n dqg dvvxplqj wkdw wkh
lqhtxdolw| udqnlqjv ri glvwulexwlrqv ri } duh vfdoh0lqyduldqw> dowhuqdwlyho| rqh vkliwv wkh ruljlq
iurp zklfk rqh phdvxuhv lqfrph iurp 3 wr n1 Wkh uroh ri lqfrph wudqvirupdwlrqv lq ghqlqj
lqhtxdolw| frqfhswv dqg wkhlu uhodwlrqvkls zlwk vrfldo0zhoiduh ixqfwlrqv lv glvfxvvhg ixuwkhu lq
Hehuw +4<<9/ 4<<:e,1
7;Vhh wkh glvfxvvlrq lq Frzhoo +4<<;,1
7<Edvhg rq Jlql*v phdq glhuhqfh 0 vhh Gdylg +4<9;/ 4<;4,/ Jlql +4<54,/ Jodvvhu +4<94,/
Khophuw +4;:9,/ Mdvvr +4<:<,1 Wkhuh duh rwkhu htxlydohqw lqwhusuhwdwlrqv dqg irupxodh iru wkh
Jlql frhflhqw dqg phdq glhuhqfh wkdw duh vrphwlphv xvhixo 0 vhh Ehuuhel dqg Vloehu +4<;7,/
gh Ilqhwwl +4<64,/ Gruipdq +4<:<,/ Jdoydql +4<64,/ Jldffdugl +4<83,/ Ohupdq dqg \lw}kdnl
+4<;7,/ Jlrujl +4<;7/ 4<<3/ 4<<6,/ Vwxduw +4<87,/ \lw}kdnl +4<;5e/ 4<<;,1
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83Vxfk vfdoh0 dqg wudqvodwlrq0lqyduldqw phdvxuhv duh vrphwlphv nqrzq dv frpsurplvh lqglfhv
+Eodfnrue| dqg Grqdogvrq 4<;3e, 0 vhh Hehuw +4<;;d, iru d jhqhudo fkdudfwhulvdwlrq edvhg rq
wkh Ou phwulf lq Jhkulj dqg Khoozlj +4<;5, > vhh dovr Nuwvfkd +4<<7,/ iru d uhodwhg lqgh{1
H{dpsohv ri wkh d{lrpdwlf dssurdfk lq wkh frqwh{w ri Jlql0w|sh lqglfhv duh= Ervvhuw +4<<3,/
Plodqrylf +4<<7,/ S|dww +4<:9,/ Udqdglyh +4<98,/ Wdnd|dpd +4<:<,/ Wkrq +4<;5,/ Whqgxondu
+4<;6,/ Wudqqr| +4<;9,1
84Wkh glvwdqfh frqfhsw lq +58, fdq eh vhhq dv wkh frxqwhusduw ri wkh c4 phwulf rq ?q=Sq
m@4 m{m  {3mm iru {>{3 5 ?q1 Wkh Hxfolghdq c5 phwulf lv jlyhq e|
tSq
m@4 ^{m  {3m ‘51
85Fkdnudyduw| +4<;;, dqg Vkruurfnv dqg Vorwwmh +4<<8, kdyh vxjjhvwhg d vlpsoh jhqhudolvdwlrq
ri wkh Jlql edvhg rq wklv irupxodwlrq> vhh dovr Phkudq +4<:9,1 Iru rwkhu phdvxuhv edvhg rq
lqwxlwlyh lqwhusuhwdwlrqv ri wkh Oruhq} fxuyh vhh Donhu +4<:3,/ Donhu dqg Uxvvhw +4<97,/ Edvpdqq
dqg Vorwwmh +4<;:,1
86Lq wkh fdvh ri frqwlqxrxv glvwulexwlrqv +{, vlpsolhv wr 5I +{,4
+I , 1 Wkh lqwxlwlyh lqwhusuhwd0
wlrq lv dv iroorzv1 Lpdjlqh |rx kdyh lqfrph {= wkhq wkh qxpehu ri shuvrqv ehorz dqg deryh |rx
duh sursruwlrqdo wr I +{, dqg 4I +{, uhvshfwlyho|1 Ohw H eh wkh h{shfwdwlrqv rshudwru= jlyhq
wkdw HI +{, =@ U I +{,gI +{, @ U 4
3
tgt @ 45 / zh lpphgldwho| vhh wkdw wkh irup +5:, lv htxlydohqw
wr fry+{>I +{,,
H{HI +{, 1 Vr wkh Jlql frhflhqw lv wkh qrupdolvhg fryduldqfh ri lqfrph dqg udqnv lq wkh
srsxodwlrq +Mhqnlqv 4<;;,/ +Ohupdq dqg \lw}kdnl 4<;8,/ +Vwxduw 4<87,1 Lw dovr kdsshqv wkdw
wkh Jlql frhflhqw lv wkh +qrupdolvhg, Ruglqdu| Ohdvw Vtxduhv vorsh ri Shq*v Sdudgh1
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